Numerical verification of the algorithm for evaluation of the two-center, two-and three-electron integrals with the correlation factors of the type ri2, elaborated by us previously is presented. The influence of different parameters on the accuracy of the expressions for evaluating the integrals is discussed on the basis of the numerical results obtained.
Introduction
The allowance for the correlation faction in the form of non-negative powers of the interelectron-distance function in a variation wave function leads to the expressions for the Hamiltonian matrix elements which take the form of a combination of the multi-electron integrals. In the case of the formulation presented in [1] [2] [3] , at most the eight-center and four-electron integrals have to be taken into account.
The knowledge of algorithms for computing appropriate integrals is necessary to perform calculations in the frame of that model. A remarkable progress [4] [5] [6] [7] [8] [9] [10] has been achieved in this field by creating a series of interesting methods for evaluating twoelectron integrals with the operator r12-1 , i n v o l v i n g m u l t i c e n t e r i n t e g r a l s -up to four-center ones. At present, however, there are no methods for evaluation of the above-mentioned integrals with the operation involving correlation faction of the type r kij for arbitrary molecule.
The problem discussed in this paper is limited to twoatom molecules, therefore in this case the problem is reduced to twocenter integrals only. Evaluation of some twocenter integrals with the correlation faction of the type r has been discussed by Rothstein [11] , and applied (with some modifications) by Clary [12] , where, at a particular stage of calculation, one has to introduce a numerical integration. The problem, but limited to the two-electron integrals, has been also discussed by Guseinov et al. [13] .
Analytical formulas for evaluating the twocenter, two-and three-electron integrals in prolate spherical coordinates [14, 15] as well as the two and three-electron integrals with the one-electron operator [16] have been obtained. The numerical tests performed [16] give positive results justifying the usefulness of that method in practical applications.
Another method, defined in spherical coordinates and utilizing the expansion of the function ri2 by means of the generalized Laguerre polynomials, has been also elaborated [17, 18] . The analytical expressions for evaluating the twocenter, one-, two, three-and four-electron integrals defined in [3] as well as the integrals with one-electron operator have been obtained as a result of that method.
In this paper, the numerical verification of the algorithm given in [18] was performed for the case of the two and three-electron integrals of the type In the above expressions rij are the interelectron-distance functions, and u and v are integers taking the values -1, 0, 1, 2, ... The functions 4," are the Slater-type orbitals [19] expressed by the coordinates of the local system with the origin in the center (atom) A or B. The quantum numbers and exponent defining the Slater orbital are represented by the index α = (n, l, m, ζ).
2. The algorithm for evaluating two-center, two-and three-electron integrals
As it is shown in [18] , simplification of calculations requires the Slater orbitals to be grouped into the pairs relating to the coordinates of the same electron φ*αφα', where α = (n, 1, m, S) and α' = (n', l', m', (ζ'). As a result of the use of the Perkins formula [20] for the function ruij , where the radial part is expanded into the double series of the generalized Laguerre polynomials, the following expression for the two-electron integrals I2 was obtained:
where Mi = mi -mi . The upper lmit of the summation in (3) should be a minimum value among the three quantities: Li which takes the value u/2 if u is even, and infinity if u is odd; Li (i = 1, 2) -in dependence whether the orbitals in an i-th pair belong to the center A or B: if both the orbitals belong to the center A (the case [AA]) then Li = li + l'i, a n d i n o t h e r c a s e s
Therefore, except the particular cases, the summation over the index s in Eq. (3) uns up to infinity.
The quantity Su,s in Eq. (3) is a matrix with the elements being the coefficients of the above-mentioned expansion of the radial parts of the Perkins formula into the double series of the Laguerre polynomials. The values of those coefficients can be calculated by means of Eq. (31) in [18] . For a given u, the set of matrices with respect to the index s should be determined. For even u, the range of these matrices is equal to u; for other cases -infinity, but in practice it is approximated by a finite value assuming the computing accuracy desired. Moreover, the quantity Us (i) in Eq. (3) where p ≥ 0 and n ≥ 0. In the interval R ≤ r ≤ ∞, it is a linear combination of the integrals of the type where ω > 0, and n is an integer.
In In final expressions for the integrals I 2 given by Eq. (13) and I3 given by Eq. (23), the summation over indices s and s1, s3, respectively, uns, in generali up to infinity.
Numerical results and conclusions
Using Eqs. (13) This convention makes it legible to refer the Slater orbitals in a pair to the centers A and/or B.
In general, the expressions for evaluating the integrals I2 and I3 depend on some parameters regarding the expansion of the function rk1 2 . T h e y a r e t h e summation limits of s, µ1 and μ2 in Eq. (5), unning to infinity for odd k, the order v of the Laguerre polynomials, as well as the expansion constants αn and b. In practice, the upper limit for values μ1 and μ2 is fixed as a value µmax determining the range of the matrix Sk,s(α, b) with elements given by Eq. (6).
Assuming some fixed values for the parameters other than s, s1 and s3 , we get numerical results for the integrals I 2 and I3 , as it is shown in Tab. I with respect to increasing values of the summation index s in Eq. (13), and s1, s3 in Eq . ( 2 3 ) . The s o-c a l l e d c ompa r i s on v a l u e s a r e t he c ompu t a t i on r e s u l t s obt a i ne d by means of the method presented in [15, 16] , based on the Neumann expansion. In our opinion, they are rather accurate. As it is seen, the convergence is rather slow and the obtained results have only 5-7 exact significant digits for some integrals.
To investigate the influence of the parameter v on the convergence of the expression (13), the computation for its different values were performed. The results are presented in Tab. II. As it can be seen, the best results are obtained for v = 0; the increase in that parameter over the value 2 leads to essential worsening of the convergence of Eq. (13).
There is a strong influence of the parameters αn and b on the convergence of Eq. (13) with regard to values of the Slater-orbital exponents ζ and the distance R. A convenient measure of the influence is the parameter γ defined as follows:
where ζi and are the Slater-orbital exponents in the i-th pair. The computation results for the integrals I2 for the fixed value γ 1 = 1.3, γ2 = 0.8 and variable values of αn and b, are presented in Tab. 1II. As it is seen, the computing accuracy increases according to the decrease in the difference between values of the parameters γ1 and α; γ2 and b. The optimum case takes place for γ1 αn and γ2 b, but expression (13) is divergent for αn » γ1 or/and b » γ2. Similar conclusions concern Eq. (23) for the integrals I3.
The influence of the range µ of the matrices Sk s (α, b) on the integral values is illustrated in Tabs. 1V and V for the integrals I2 and I3 , respectively. In general, there is a strong influence of the parameter μmax on the computation accuracy which increases as the μm ax -value increases.
Numerical algorithm of computing two-center two and three-electron integrals, defined in [18] and modified in this paper by taking into account the correction resulting from introducing the scaling faction αn and b in the expansion of the radial part of the Perkins expression for the interelectron distance function r12 into double series of Laguerre polynomials, was tested. This algorithm is a new proposition in relation to that defined in [15, 16] and based on the Neumann expansion for r12 . The comparison of the numerical results obtained in this work with those obtained previously [15, 16] allows to verify numerical values of the integrals discussed. The comparison of the results obtained by both methods confirms the correctness of the algorithm verified in the present paper.
